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Abstract 
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Thanks to electroweak theory we have accustomed to thinking of a neutrino v and its antineu- 
trino V as distinct particles. A number of precise experiments confirmed the Weinberg-Salam- 
Glashow model. However, the present situation in neutrino physics seems to me to be not satisfac- 
tory. Modern experiments and observations brought many "black spots" at the cloudless sky of the 
Standard Model (SM). They are: the solar neutrino puzzle, the negative mass squared problem, 
the atmospheric neutrino anomaly, speculations on the neutrinoless double /?- decay, the tentative 
experimental evidence for a tensor coupling in the vr" ^ e~ + i/e + 7 decay, the dark matter problem, 
gamma-ray bursts etc. Therefore, searches of the models beyond the framework of the SM have 
some reasons. 

As long as 1937 Majorana |^, Racah and Furry realised that it is possible to build symmetrical 
theory in which there is no difference between neutrino and its antineutrino. The essential ingredient 
of that theory is projecting the Dirac wave function into self /anti-self conjugate states that are 
supposed to answer for truly neutral particles. The interest in such the models is revived periodically 
in connection with important experimental observations (e. g, the discovery of the parity violation 
in weak processes in the end of the fifties) or with attractive theoretical constructs (e. g., Majorana 
models of neutrino follow from grand unification theories). The important reformulation of the 
Majorana theory has been undertaken by McLennan and Case [0. The excellent pedagogical review 
of the topics related with Majorana (and his successors) ideas has been presented by Mannheim [Q. 
Models proposed by Sokolov and Doi et al, ref. 0, also deserve a certain attention. 

Recently a new concept of Majorana-like fields has been proposed Namely, this concept is 
based on the use of the type-II (j, 0) © (0, j) self/anti-self conjugate spinorsQ 



Phase factors C\ and (p are fixed by the conditions of self /anti-self 9- conjugacy: 



for a j 
for a j 



1/2 case; and 

T's?.]x{pn = ±x{pn , 



p{pn = ±p{pn 



(2) 
(3) 



1 caseQ. The operators of the charge conjugation are defined a^ 



^Under type-I spinors one understands the Dirac bispinors. Through this paper we use terminology 
and notation of the author of ref. . The details of the formahsm can be found in the cited papers. 

^As shown in ref. [6b] self/anti-self j = 1 spinors do not exist in the framework of the construct 
proposed by Ahluwalia. Therefore, the operation 



p5 Qc 



has been defined there. 



^Let us note that the definition of the charge conjugation matrix for a j = 1 case corresponds 
to the FNBWW-type quantum field construct ||^. The fact indicated in the previous footnote is 
connected with this definition. In the Weinberg- Tucker-Hammer construct [^J9| it is possible to 
define self /anti-self j = 1 conjugate spinors, see ref. [8a, p. B1327] for an alternative definition 
of the charge conjugation operator. The various models in the (1,0) © (0, 1) representation space 
were also discussed in refs. [MH13|. 
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where /C is the operation of the complex conjugation; and 



(4) 
(5) 

(6) 



is the Wigner operator (QyjJQy^ = —J*, with J being the angular momentum operator used in 
the definition of the Lorentz boosts). The wave equation for any spin has been given in ref. [6b, c] 
in the instant-front formulation of quantum field theory^ 



-U 

Cxexp (-J ■ (f) Hyfe^jexp (-J ■ cp) 



Cxexp (J • (f)) 0[j]S[j]exj9 (J ■ 0) 



-U 



. 



(7) 



The particular cases (j = 1/2 and j = 1) are also presented there (Eqs. (31) and (32), respectively). 
The analogous equation in the light-front formulation could be found in ref. [6a]. The X^{p^^) were 
shown to be the positive energy solutions with E = +^/m^^f~p^, and A"^(p^) are the negative 
energy solutions with E = —\/m^ + for both spin-1/2 and spin-1 cases. However, to re-write 
those equations to covariant form is a difficult task. For instance, an attempt of the author of the 
formalism [0 to put the equation in the form {X^^p^Pv + mX^p^ — 2m'^ll)X{p^) = was in a certain 
sense misleading. He noted himself: "it turns out that [matrices] A^*^ and A'^ do not transform as 
Poincare tensors." The aim of the present paper is to explain in what way the equations for X{p'^) 
and p{p'^) spinors are re-written to covariant form. 

The crucial point of deriving Eq. (^ is the generalized Ryder-Burgard relation for type-II 
spinors^: 



where 



^[1/2] 



gi0 





Hi] 



/ 6*2-^ 

1 

V 








(8) 



(9) 



h is the helicity; (p is the azimuthal angle associated with p. However, from the analysis of the 
parametrization of rest spinors (formulas 22a-23c of ref. [6c]) one can conclude that another form 



^(f are the parameters of the Lorentz boost. In the case of bradyons they are defined by the 
formulas (3) of ref. Q. 

^In ref. Q the relation (t)R{p^) = ^cpiip'^) for type-I Dirac-Uke rest spinors has been named as the 
Ryder-Burgard relation. Through this paper I also use this name, but I understand that similar 
formulas could be found in earlier papers and books. Read, e. g., the paragraphs surrounding 



equations (25,26) of Ch. 5, ref. p] 
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of the generalized Ryder- Burgard relation is possible. Namely, the form connecting 2-spinors of the 
opposite helicity is: 



^Hp") = (-1) 



l/2-h-i 



for a j = 1/2 case; and 



\l-h-iS 



(10) 



(11) 



for a j = 1 case {6 = 6i + 63 for /i = ±1 and 6 = 262, for h = 0). 

Provided that the overall phase factors of the rest spinors are chosen to be 6'i + ^2 = (or 27r) 
in a spin-1/2 case and 5i + ^3 = = ^2, in a spin-1 case, the Ryder-Burgard relation is written 



■ly-'em^-LHp"' 



(12) 



This choice is convenient for calculations. The same relations exist for right-handed spinors 0_r(p^) 
in both a j = 1/2 case and a j = 1 case. By using ( [T^ ) and following to the procedure of deriving 
the wave equation developed in ref. one can obtain for a j = 1/2 case (p = 7^p^): 



[tp-m-f^] ^^1/2 (p^) 
Here we defined new spinor functions: 

■^©1/2 [<PI'^\P^ 
<pf'\p') 








[ip + m^^] ^^,/2(p^) = 
[ip-m-i^] ^\/2{p^) = 



nidpn 



^-mipn 



Hidpn 



^-1/2 (p^ 



^61/2 [^t'^\p^] 
<Pi"\p') 

-^Ql/2 [t>'L'\p^] 
<pf'\pn 

-^61/2 [ct^f'\p^] 
^P'l'^P") 



or ^^1/2 (p'') 



or ^^^^{P^) 



+1/2 (pM) 
^1/2, 



or ^lyM) 



or ^\,2{p' 



V-^01/2 [<Pr'\p^ 

<l>R'\pn 

iQii2 [<^R'\pn\ 

( <Pr'\p') 
\<Pl"\pn 



(13) 
(14) 



(15) 
(16) 
(17) 
(18) 



As opposed to A(p^) and p(p^) these spinor functions are the eigenfunctions of the helicity operator 
of the (1/2,0) © (0, 1/2) representation space, but they are not self /anti-self conjugate spinors. 

The equations (|l^,|l^) can also be obtained by the procedure described in footnote # 1 of ref. [6c] 
with type-I spinors (\1' = column{(f)R{p^^) (piip^))) if imply that the Ryder-Burgard relation has 
the form 



(19) 



The equations (0,0) have been discussed in the old literature (e. g., ref. |15]). Their relevance to the 
problem of describing the neutrino has been noted in the cited paper. By using the formulas relating 
\E', Eq. ([T5| - p!8D , with self /anti-self conjugate spinors it is easy to find corresponding equations for 
spinors A(p'^) and p{p^)- For the case of spin-1/2 field we obtain 
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pX^ip") + imXf{p>') = , ppf (p^) - impfip'') = , (20) 

pXfip'') - imX^ip'') = , ppfip^) + imp^{p>') = , (21) 

pXfip^) - irnXfip^") = , ppfip^) + impfip^) = , (22) 

pXfip") + irnXfip^") = , ppfip") - impfipf") = . (23) 

If imply similarly to [6c] that X^^{p'^) (and pf^ip^)) are the positive-energy solutions and X^{p^) 
(and p^iip'^)) are the negative-energy solutions, the equations (^y-|23p in the coordinate space can 
be written 

d^rXrj{x) + p^^mX.^{x) = , (24) 
^^^Ypv{x) + p^imp^nix) = , (25) 

where p^i = ±1 with the sign is if rj =| and the sign is "— " if rj =J,. The indices rj (f or |) 
should be referred to the chiral helicity introduced in [6b,p.l0]. This form (Eqs. ( P^ and (P^D) 
is very similar to the Dirac equation, however, the sign at the mass term can be opposite and the 
spinors enter in the equations with opposite chiral helicities. The Dirac equation with opposite 
sign at the mass term had been considered (in different aspects) in refs. |]T6|-0. Eqs. ( p^pSD 
should be compared with the new form of the Weinberg equation for j = 1 spinors in a coordinate 
representation, ref. 

One can incorporate the same chiral helicity states in equations by using the identities (48a,b) 
of ref. [6 c] 

p^{pn = -^^t{pn , pf{pn = +^>^f{pn , (26) 
pf{pn = +^^Up') ' pfip") = -^^Up') ■ (27) 

Thus, one can come to 

pX^^{pn + mpf^{pn = , pAf^(p^) + mpf^(p^) = , (28) 
pp^^{pn+mXfi{p'') = , pp^\(p'^)+mAf^(p^) = . (29) 

It is also useful to note the connection between the type-II spinors X{p^) and p(p^) and the 
type-I Dirac spinor ip^{j)^^) and the charge conjugate to it {%p^{p^)Y: 

A^(p^) = ^^v^^(p^) + ^(v^^(p^)r , (30) 
^\p') = ^-^i'''{p')-^A^{i^''{pnr , (31) 

p'{p') = ^-^i'''{T^) + ^-^{i^^{p')r , (32) 

p\p') = ^^i^''{jf)-^-^{r{p')r ■ (33) 



Then the equations ( ^^91) could be re-written in the form with the type-I spinors: 

{p + m) i^gy^ip^ + {p + m) 75(^fi/2(P^))' = , (34) 

(p-m)75^fi/2(P^)-(p-^)(^fi/2(P^))' = , (35) 

(p + m)^fi/2(p^)-(p + m)75(^fi/2(p^))^ = , (36) 

(]5-m)75V^±i/2(p'^) + (p-"^)(V^fi/2(P^))' = . (37) 
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So, we can consider the {'iph{p^)Y (or 75'?/'f (p'^), or their sum) as the positive-energy solutions of 
the Dirac equation and ip^iv^) (o^ {p^)Y i o^' their sum) as the negative-energy solutions. The 

field operator can be defined 

^ = / E \{'4^h{Pnrc^hexp{-ip ■ x) + ^^{p^hiexpiip ■ x)] . (38) 



The similar formulation has been developed by Nigam and Foldy [T^ . 



Let us note a interesting feature. We can obtain another interpretation {ip^{p^^) corresponds 
to the positive-energy solutions and {il'^{p'^)Y, to the negative ones) if choose other overall phase 
factors in the definitions of the rest-spinors (piip^) and (pnip'^), formulas (22a-23c) of ref. [6c]. 
Namely, the signs at the mass term depend on the form of the generalized Ryder-Burgard relation; 
if ^1 -f- ^2 = the signs would be opposite. One can obtain the generalized equations ( pO| - |23| ) for 
the arbitrary choice of the phase factor. For X'^{p^) spinors they are following: 

(^pXl{p^')-mrXl{p^') = ^^^^ 



ipXfip^") + mTX^ip^") = 



where 



In the case 9i + 02 = ±| we also have the correct physical dispersion, ~ ~ A(p'^) 
spinors. 

Next, one can see from ( ^p5[) that neither X^'^{x) nor p^'^{x) are the eigenfunctions of the 



Hamiltonian operator (we have different chiral helicity in the "Dirac" equations). They are not in 
mass eigenstates. However and {ip^Y mass and helicity eigenstates. Taking into account 

the discussion on the positive- and negative- energy solutions and the interpretation of "antiparticle" 
as the particle moving backward in time we are ready to put forward the question: can the 



high-energy neutrino described by the field 

/ 7^^^ [^?(^'')'^''(^'')^^^(~'^ ■ ^) + X^{p^')al{p^)exp{ip ■ x)] (41) 



d^p 1 

- I VP' )"'vVP' )<ixpy-'ip ■ X) -h A yp )a„yp' )expyip ■ x 

) r, 



"oscillate" from the state of one chiral helicity to another chiral helicity (e. g., Aj^) with 

the "oscillation length" being of the order of the wavelength of de Broglie? Let us recall that the 
idea of oscillations of the left-handed neutrino into its CP conjugate particle has been proposed by 
Pontecorvo long ago. It is useful to repeat that A^'"^ and p'^''^ are the only surviving spinors 



in the massless limit. 



^More precisely: in ref. |19| it was shown that even without a resort to a plane-wave expansion, 
if the eigenvector ^ has the eigenvalue "—1" of the normalized Hamiltonian lij\E\ in the Hilbert 
space, then has the eigenvalue This fact leads to the conclusion that the matrix element 

< A'^(O), I |A'^(t), t> has the non-zero value at the time t. 
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For the case spin-1 the situation differs in some aspects. If accept another formulation of the 
Burgard-Ryder relation ([T^ ) one hasQ 



7^,p>^Af(p^) + m2Af(p^) 

i.uP^p'xtipn-^'^tipn 












i,uP''p''pf{pn-m'p^^pn = o , 

l^.uP^P"pt {P^ + m^pt {P^) = ^ : 

i,uP'p''pf{pn+^'pf{pn = o , 
i,uP''p''pfipn+m'pf{pn = o , 
7^uP''p''ptipn-^'ptipn = o . 



(42) 
(43) 
(44) 
(45) 
(46) 
(47) 



There exist the identities analogous to 



). For instance, under the choice of the phase 



factors as 5^ + 5^ = 27r, 6^ + 6^ = and = - vr = we have 



pUpn = -x'^{pn , pnpn = -xnpn , pt{pn = +xt{pn , 
pf{pn = +xf{pn , pf{pn = +x'^ipn , pt{pn = -xt{pn ■ 



Therefore, 



7M.P>'Af^_,(p'')+mVfi_(p'' 



l.uP'p'^Xi^ipn+m'pi^ip' 



l^uP'-p'^P^Upn + m'X'^^^ipn = , 7M.P»n-.(p'') + m'Xf^_^{p>^) = 



1/ A 



(48) 
(49) 



(50) 
(51) 



Applying the relations between type-11 and type-1 spinors which looks like similar to ( pO] - ^ ) except 
for <r-> we obtain 



(7m.pV + i^'^ip") + {l.uP^P" + m') 75(^''(P^)) 
(7m.P>" - m') 75^'' (P^) - {if.uP'-p'' - m^) (^^(p^)) 
(7m.pV + m^) i^^'ipn - {if.uP^P" + m') l^ii^^'iPn) 
{l^uP'^P" - m^) l^^^'iPn + {l^uP^p" - m^) (^^(p^)) 



= 
= 



(52) 
(53) 
(54) 
(55) 



This tells us that ip^ (or 75 (^Z'^)^) should be considered as the negative-energy solutions of the 
modified Weinberg equation and {tp^Y (or j^ip^) as the positive-energy ones. Like the equations 
(El.BSl) one can write 



-f>"'df,d^X^{x) + ps,AX-r,{x) = 
l^^d^duPnix) + ps,AP~r,{x) = 



(56) 
(57) 



where ps,A = ±1, the sign is for positive-energy solution X^{p^) (or p^ij)'^)) and the sign is 
"— ", for negative-energy solutions X^ij)'^) (or p^ij)^))- This refers to the 77 =| or 77 =[. As for 
=— i> it is easy to see that the equations (44) and (47) have the opposite sign at mass term. 



^Again, one can obtain the opposite signs in the equations if imply 5i + ^3 = tt for (I)l{p^) and, 
correspondingly, for (j)n{p'^). 



7 



The presence of p^i in a j = 1/2 case or ps,A in a j = 1 case hints that we obtained the examples 
of the FNBWW-type quantum field theory. In fact, the analysis of the field operator ( p8|) in the 
Fock space [19,6c] revealed that fermion and its antifermion can possess same intrinsic parities. 



Bosons described by the Eqs. ( p^ - |55|) are found following to ref. [0] to be able to carry opposite 



intrinsic parities. However, let us not forget about other constructs [P,p|,p!3[ in the (1, 0) © (0, 1) 
representation space. Their investigations deserve further elaboration. 
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